In this paper we use the discrepancy ∆P = −1.772341 ± 13.153788 s between the phenomenologically determined orbital period P b of the PSR J0737-3039A/B double pulsar system and the purely Keplerian period P (0) = 2π a 3 /G(m A + m B ) calculated with the system's parameters, determined independently of the third Kepler law itself, in order to put constraints on the quadrupole mass moment Q of the two-pulsars system and on some models of modified gravity (f (R), Yukawa-like fifth force, MOND). The major source of error affecting ∆P is not the one in the phenomenologically measured period (δP b = 4 × 10 −6 s), but the systematic uncertainty δP (0) in the computed Keplerian one due to the relative semimajor axis a mainly caused, in turn, by the errors in the ratio R of the pulsars' masses and in sin i. We get |Q| ≤ 3.9×10 45 kg m 2 for the quadrupole mass moment, |κ| ≤ 0.8 × 10 −26 m −2 for the parameter that in the f (R) framework is a measure of the non linearity of the theory, |α| ≤ 5.5 × 10 −4 for the fifth-force strength parameter (for λ ≈ a). The effects predicted by the strong-acceleration regime of MOND are far too small to be constrained with some effectiveness today and in the future as well. In view of the continuous timing of such an important system, it might happen that in the near future it will be possible to obtain somewhat tighter constraints.
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Introduction
One of the six Keplerian orbital elements in terms of which it is possible to parameterize the orbital motion of a pulsar in a binary system is the mean anomaly M defined as M ≡ n(t − T 0 ), where n is the mean motion and T 0 is the time of periastron passage. The mean motion n ≡ 2π/P b is inversely proportional to the time elapsed between two consecutive crossings of the periastron, i.e. the anomalistic period P b . In Newtonian mechanics, for two point-like bodies, n reduces to the usual Keplerian expression n (0) = GM/a 3 , where a is the semi-major axis of the relative orbit of the pulsar with respect to the companion and M ≡ m p + m c is the sum of their masses. In pulsar timing the period P b is very accurately determined in a phenomenological, model-independent way, so that it accounts for all the dynamical features of the system, not only those coming from the Newtonian point-like terms, within the measurement precision.
In this paper we wish to look for phenomenologically determined deviations from the third Kepler law in order to dynamically constraining
• The quadrupole mass moment Q of the PSR J0737-3039A/B system [11] which consists of two radio-pulsars moving along a moderately eccentric, 2.4 hr orbit. Its relevant parameters are in Table 1 .
• Some models of modified gravity (f (R), Yukawa-like fifth force, MOND)
We believe that the analysis presented here has the merit of quantitatively determining how useful a laboratory such as PSR J0737-3039A/B and a method like the orbital period, both different from the other ones so far used, can be in testing alternative theories of gravity and in yielding information on the pulsar's bulk properties themselves by precisely individuating the major sources of errors.
Deviations from the third Kepler law
Looking for genuine deviations from the third Kepler law−meant as discrepancy ∆P between the phenomenologically determined orbital period P b and Table 1 : Relevant orbital parameters of the PSR J0737-3039A/B system [21] . The projected semimajor axis is defined as x = (a bc /c) sin i, where a bc is the barycentric semimajor axis, the phenomenologically determined post-Keplerian parameter s is equal to sin i in general relativity, and i is the angle between the plane of the sky, perpendicular to the line-of-sight, and the orbital plane. We have conservatively quoted the largest error in s reported in [21] . The parameter e is the eccentricity. The orbital period is known with a precision of 4 × 10 −6 s. The quoted values of m A and m B were obtained in [21] by using the general relativistic expression of the post-Keplerian A's periastron advance for the sum of the masses M = 2.58708 (16) , and the ratio of the masses R ≡ m A /m B = 1.0714(11) phenomenologically determined from both the projected semimajor axes x A and x B . The rotational period P A = 2π/Ω A of PSR J0737-3039A/B A amounts to 22 ms, while P B = 2π/Ω B = 2.75 s. (39) 0.0877775(9) 1.3381(7) 1.2489 (7) the purely Keplerian one P (0) calculated with the values of Table 1 −from the PSR J0737-3039A/B timing data is possible because all the parameters entering ∆P have been just measured independently of the third Kepler law itself. Indeed, the relative semimajor axis entering P (0)
is built in terms of the ratio R of the masses, the projected semimajor axis x A and sin i; the projected semimajor axes x A and x B were phenomenologically determined from the timing data, the phenomenologically estimated post-Keplerian parameter s can be identified with sin i in general relativity, the ratio R has been phenomenologically determined from the ratio of the projected semimajor axes coming from the quite general relation, valid to at least the first post-Newtonian order [16, 17] 
and the sum of the masses has been, in turn, derived from the A's periastron advance which is, at present, the best determined post-Keplerian parameter. The third Kepler law only enters the expression of the mass functions
which, instead, have not been used in obtaining the parameters of PSR J0737-3039A/B . Table 1 yields
In eq. (4) we have evaluated
with
The terms in eq. (6) are
so that δP (0) ≤ 13.153784 s.
In eq. (7) we used the values of Table 1 for δM and δG = 0.0010 × 10 −11 kg −1 m 3 s −2 [26] ; the uncertainty in a, which is the most important source of error, has been evaluated as
Thus, δa ≤ 810, 259 m.
It is interesting to note that R and s have a major impact on the overall uncertainty in a; our estimate has to be considered as conservative because we adopted for δs the largest value quoted in [21] .
The following considerations about the treatment of errors are in order.
• Realistic upper bounds of the errors have been obtained by purposely linearly summing the various sources of uncertainty because of the existing correlations among the estimated parameters of the PSR J0737-3039A/B system [21] • The uncertainties of Table 1 and used throughout the paper are twice the parameter uncertainties given by the software used in [21] ; the authors of such a work believe that the real measurement uncertainties are actually somewhat smaller than those quoted. If so, also our result for ∆P would, in fact, be more accurate. By the way, in view of the continuous timing of the PSR J0737-3039A/B system it is likely that in the near future the precision reached in determining its parameters will allow to better constrain ∆P , although it is difficult to quantify the extent of such an improvement because of the impact of x B via R.
The quadrupole mass moment
Rotating relativistic stars [38] are of fundamental interest because, among other things, their bulk properties allow to constrain the many proposed equations of state for densities greater than nuclear density. Although a neutron star may have a complicated structure involving a solid crust, magnetic field, possible superfluid interior, possible quark core, etc., several simplifying assumptions are, in general, made in order to compute its bulk properties. Indeed, the equilibrium configuration of a relativistic star is typically described by neglecting sources of non-isotropic stresses like a magnetic field or a solid state of parts of the star, viscous stresses and heat transport, and by modelling its matter as a zero-temperature, perfect fluid described by the stress-energy tensor
where ε is the matter-energy density, p is the pressure and u µ is the fluid's 4-velocity. In order to describe the star's structure, an equation of state (EOS) in the form of ε = ε(p)
must be specified; actually, we do not currently know what is the true EOS describing the interior of a neutron star because in Earth-based laboratories it is not possible to reach the extreme densities and pressures typical of the interiors of relativistic stars, so that many EOSs have been proposed so far [38] . After an EOS has been chosen, the Einstein field equations
where R µν is the Ricci tensor and T = T α α , together with the hydrostationary equilibrium equation, obtained by normally projecting the stress-energy tensor conservation law onto the 4-velocity, must be solved. Equilibrium quantities for rotating stars are computed as integrals over the source of gravitational field. Among such bulk properties there is the distortion of the star's shape induced by its fast rotation. Far from it, the dominant multipole moment of the rotational deformation is measured by the quadrupolemoment tensor Q ij . For uniformly rotating, axisymmetric, and equatorially symmetric configurations it is possible to define a scalar quadrupole moment 1 Q.
Theoretical calculation of various quantities more or less directly related to such an important bulk parameter of neutron stars can be found in, e.g., [5, 31, 32, 22] ; clearly, dynamically constraining Q, in a model-independent way, would be of great importance for understanding the physics of matter in so extreme conditions and constraining different EOSs.
Let us assume that both pulsars rigidly rotate and are endowed with axial symmetry about z axis and reflection symmetry about the equator assumed as reference {xy} plane. Thus, the gravitational potential U can be written as
with [35, 22, 38 
In eq.
and θ is the co-latitude angle (θ = π/2 for points in the equatorial plane). The quadrupole mass moment is proportional to the square of the pulsar's angular rotation frequency; since PSR J0737-3039A/B A has a rotational period of about 22 ms while PSR J0737-3039A/B B is 125 times slower it is reasonable assume that Q ≈ Q A . A possible contribution to the quadrupole mass moment other than the selfrotation may come, in principle, from the tidal effects [40] , but this influence can be neglected since the centrifugal acceleration at the equator
is much greater than the tidal acceleration
indeed [40] ,
Another physical effect which may, in principle, affect the distortion of neutron stars' shape is the magnetic field B [10] , provided that its strength is larger than about 10 14 G. Above 10 18 G no stationary equilibrium configuration can occur. However, the observed surface dipole magnetic field strengths of pulsars typically range from 10 8 G to 2 × 10 13 G; for the PSR J0737-3039A/B system we have B A ≈ 10 9 G and B B ≈ 10 12 G [12] . The relative acceleration due to the gravitational potential of eq. (16) is, in spherical coordinates We will now make the simplifying assumption that the orbital angular momentum and the spins of the PSR J0737-3039A/B system are aligned, i.e. the orbital motion occurs in the (nearly) common equatorial plane. Such an hypothesis is realistic in view of the fact that a misalignment of less than 10 deg between the A's spin axis and the orbital angular momentum is believed to exist [37] , in agreement with the observed lack of profile variations [23, 21] . Thus, A θ = A ϕ = 0 and only the equation for the radial acceleration survives in eq. (20) as
The quadrupole mass term A Q is small with respect to the monopole term A 0 , so that it can be treated perturbatively. In order to derive its impact on the orbital period P b , let us consider the Gauss equation for the variation of the mean anomaly in the case of an entirely radial disturbing acceleration
where f is the true anomaly, reckoned from the periastron. After inserting A Q into the right-hand-side of eq. (23), it must be evaluated onto the unperturbed Keplerian ellipse
By using [29] 
eq. (23) yields
(26) Note that eq. (26) becomes meaningless for e → 0. The orbital period can be obtained as
The validity of the approximation used in deriving eq. (27) will be discussed later. From eq. (27) it can be obtained
2 It agrees with the expression of the anomalistic period of a satellite orbiting an oblate planet obtained in [13] : for a direct comparison Q = −M R 2 J2, where J2 is the first even zonal harmonic of the multipolar expansion of the Newtonian part of the gravitational potential of the central body of mass M and equatorial radius R.
Solving for Q, we get
The values of Table 1 yield
Since the values of some of the parameters entering eq. (30) come from a least-square estimation process [21] and are, thus, in general correlated each other, the uncertainty in Q can be conservatively assessed by linearly adding the various sources of errors as
(33) We have used the values of Table 1 for the errors in P b , M, e and δG = 0.0010 × 10 −11 kg −1 m 3 s −2 [26] ; for δa we used eq. (10).
Thus, the total error in Q amounts to
i.e. δQ Q = 8.
We are, now, able to justify the approximation used in obtaining eq. (27) . From eq. (31) it turns out that
over the entire orbit.
In regard to the model of the orbital period of eq. (29), another postNewtonian term [36, 24] should have been, in principle, accounted for as well because it is of the order of 10 −2 s. However, it turns out that its inclusion would not alter the result of eq. (31), given the overall obtainable accuracy set by eq. (34).
Extended theories of gravity: "f (R)"
It has been suggested that cosmic speed-up can be explained by generalizing general relativity introducing in the gravitational action terms non linear in the scalar curvature R (see [15, 27] and references therein). These theories are the so called f (R) theories of gravity (or "extended theories of gravity"), where the gravitational Lagrangian depends on an arbitrary analytic function f of the scalar curvature R. If, on the one hand, extended theories of gravity seem to be appealing in cosmology, on the other hand, there is the need of checking f (R) predictions with Solar System tests which general relativity passed with flying colors [41] . Actually, the debate on the compatibility of these theories with Solar System tests is still open (see [19] and [30, 4] and references therein). Here we do not enter the debate, but simply suggest how, on the basis of the approach already outlined in [30, 4] , the data from the double pulsar can be used, at least in principle, to constrain the allowable analytical forms of the f (R). We work in the Palatini formalism (for an approach to extended theories of gravity in the metric formalism see, for instance [14] and references therein).
The field equations of f (R) theories, in the Palatini formalism, which have the explicit form
admit the spherically symmetric vacuum exact solution:
which is referred to as Schwarzschild-de Sitter metric (see [3] for details on the derivation of this solution). The parameters appearing in (39) are the mass M of the spherically symmetric source of the gravitational field and k, which is related to the solutions R = c i of the structural equation
controlling the solutions of equation (37) . Namely, it is k = c i /4 = R/4. Indeed, we may say that k is a measure of the non-linearity of the theory (if f (R) = R, eq. (40) has the solution R = 0 → k = 0) In general relativity, the Schwarzschild-de Sitter solution corresponds to a spherically symmetric solution of Einstein equations, with a "cosmological" term Λg µν , Λ being the cosmological constant. In practice, it is Λ = −k in our notation. As we can see from (39) , the modifications to the solutions of the field equations due to f (R) theories are given by a term proportional to the Ricci scalar.
In what follows, we write the gravitational potential in the form
where κ = k/3, and we consider ∆U ≡ U κ as a perturbation. In doing so, we neglect the effect of spatial curvature. From the perturbing potential U k in (42) we obtain an entirely radial perturbing acceleration
On following an approach similar to the one we developed in the previous section, we may write
where the contribution ∆P ≡ P (k) , due to the non linearity of the Lagrangian, turns out to be ∆P = − 2πκ
from which κ can be evaluated:
Consequently, we may give the following estimates
and
Equivalently, restoring physical units:
or, rephrased in terms of the cosmological constant,
The estimates (50) can be used to set constraints on the analytical form of the f (R), according to an approach described in [30, 4] . For instance, if we consider the Lagrangian
which mimics cosmic acceleration (even if it has well known instabilities see e.g. [20] ), thanks to the estimates on κ we may set a limit on the parameter µ. We get |µ| ≤ 10 −20 eV.
We remark that the estimates (50) are of the same order of magnitudes of those obtained in [30, 4] , where data coming from Solar System observations were used. So, as we did there, we can say that also data coming from pulsars are hardly fit to constrain f (R), since the value (52) is remarkably greater than estimate µ ≃ 10 −33 eV [15] , needed for f (R) gravity to explain the acceleration of the Universe without requiring dark matter.
Yukawa-like fifth force
Modifications of the gravitational potential leading to a Yukawa-like term arise in different contexts, such as brane-world models, scalat-vector-tensor theories of gravity, string theory, study of cosmological defects (see e.g., [2] , [34] and references therein). In general, a Yukawa-like force can be obtained from the potential [9]
where |α| is the strength of the Yukawa-like force and λ its range [1] . The parameters α, λ have been bounded thanks to many laboratory experiments and observations, at different scales (see [7] and references therein). Here we show how the strength |α| of the Yukawa-like force can be constrained at a scale λ ≈ a ≈ 10 9 m, which is the length scale of the double pulsar PSR J0737-3039A/B .
The perturbing potential ∆U ≡ U Y in (54) leads to the following expression for the radial component of the corresponding perturbing acceleration:
From (55) it is possible to obtain, in the circular orbit approximation,
Hence, on writing
we obtain for the contribution ∆P ≡ P (Y ) the following expression
By assuming λ ≈ r ≈ a, we get
These estimates for α, should be compared with those obtained at different scales [8] , [28] . In particular, in [28] it is showed that |α| ≤ 10 −9 at a scale corresponding to that of the double pulsar. In other words, our results are not compelling, since they are orders of magnitude greater than the best estimates already available. This means that the length scale of the hypothesized Yukawa-like fifth force is much greater or much smaller than the length-scale of the double pulsar PSR J0737-3039A/B .
MOND
MOND predicts that the gravitational acceleration A g felt by a particle in the field of a distribution of mass is
where A N is the Newtonian acceleration, A 0 is an acceleration scale which different, independent ensembles of observations set to [33] A 0 = 1.2 × 10 −10 m s −2 , and µ(x) is an interpolating function which approximates 1 for x ≫ 1, i.e. for accelerations larger than A 0 ; for x ≪ 1 µ(x) = x, so that in such a strongly MONDian regime A g ≈ √ A N A 0 . For a quite general class of interpolating functions, µ(x) can be cast into the form [25] µ
which yields a modified gravitational acceleration [39] 
Note that the most commonly used expressions for µ(x), i.e. [25] µ
and [18] µ(x) = x 1 + x ,
can be obtained from eq. (62) for k 0 = 1/2, m = 2 and k 0 = 1, m = 1, respectively. A useful review dealing, among other things, with many attempts to theoretically justify MOND is [6] .
Again, we may write
and, from eq. (62), on setting e → 0, it is straightforward to obtain for the perturbation ∆P ≡ P (M ) ,
By defining
it turns out that both eq. (63) 
By the way, from eq. (68) it is clear that the PSR J0737-3039A/B system is definitely unsuitable for testing MOND because discrepancies as small as those of eq. (68) will never be measurable, falling well below even the precision in determining P b .
Discussion and conclusions
In this paper we looked for deviations from the third Kepler law in the PSR J0737-3039A/B double pulsar system finding a discrepancy ∆P = −1.772341 ± 13.153788 s between the phenomenologically determined orbital period P b and the purely Keplerian one P (0) . While P b is determined to a 10 −6 s level, P (0) can be considered known only at ≈ 10 1 s level after a conservative propagation of the uncertainties in the system's parameters entering its expression. The consistency of our analysis is assured by the fact that the values of the orbital parameters involved in the calculation of P (0) have been determined independently of the third Kepler law itself. The major source of error in P (0) is due to the semimajor axis which, in turn, is mainly affected by the ratio R of the pulsars' masses, which, in turn, depends on the poorly determined projected semimajor axis of B, and by sin i. Continuous timing of the PSR J0737-3039A/B system might reduce such errors in the near future, perhaps yielding more precise results.
